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Abstract: 

Let 𝑅 be a commutative semiring with identity and 𝑀 an 𝑅-semimodule. In this paper, we introduce 

and study the notion of semi-𝑛-absorbing subsemimodules, which extends the concept of semi-𝑛-absorbing 

submodules from module theory to the broader setting of semimodules over semirings. We obtain several 

fundamental characterizations of semi-𝑛-absorbingsubsemimodules in terms of annihilators, cyclic 

subsemimodules, and colon constructions. Their behavior is investigated under homomorphisms, intersections, 

and quotient semimodules, along with their stability under direct sums. A complete classification of semi-𝑛-

absorbing ideals of the semiring ℤ0
+ is also provided. These results generalize and unify earlier works on 𝑛-

absorbing and semi-𝑛-absorbing submodules, contributing to the structural theory of semimodules over 

commutative semirings. 

Keywords: Semi 𝑛-absorbing subsemimodule; 𝑄-subsemimodule; subtractive subsemimodule; semiring. 

Introduction 

The theory of semirings and semimodules offers a natural generalization of classical ring 

and module theory. It has garnered significant attention due to its applications in algebra, 

theoretical computer science, automata theory, and optimization. A comprehensive treatment of 

semirings and their semimodules can be found in the monograph of Golan [5]. Throughout this 

paper, all semirings are assumed to be commutative with a nonzero identity, and all semimodules 

are left semimodules. Unlike modules over rings, semimodules over semirings lack additive 

inverses, leading to several structural and technical differences. Consequently, concepts such as 

subtractive subsemimodules, partitioning (or 𝑄-) subsemimodules, and annihilators play a crucial 

role in developing a meaningful ideal and subsemimodule theory. These notions were 

independently introduced and studied by Atani and Atani [1], and by Chaudhari and Bonde [2], 

who established foundational results concerning partitioning subsemimodules and quotient 

constructions. Further developments on direct sums and exact sequences of semimodules can be 

found in [3,4]. In module theory over rings, various generalizations of prime submodules have 

been introduced. Among these, the notion of 𝑛-absorbing submodules was introduced by Darani 

and Soheilnia [6], extending the classical concept of prime submodules. Subsequently, Khoshdel 

and Maani-Shirazi [7] introduced semi-𝑛-absorbing submodules, which weaken the defining 

conditions. Motivated by these developments, the primary purpose of this paper is to introduce and 

investigate the concept of semi-𝑛-absorbing subsemimodules of semimodules over commutative 

semirings. We establish several equivalent characterizations of these subsemimodules using 

annihilators and cyclic subsemimodules. Their stability under homomorphisms, intersections, and 

quotient constructions is examined. Special attention is given to the semiringℤ0
+, for which we 

provide a complete classification of semi-𝑛-absorbing ideals. For the definitions of semiring and left 

semimodule over a semiring, we refer to [5]. We denote the sets of non-negative integers, positive 

integers, and non-negative rationalsby ℤ0
+, ℕ, and ℚ0

+, respectively. The set ℤ0
+ forms a semiring 

under the usual addition and multiplication, but it is not a ring. For 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℤ0
+, we denote 

by ⟨𝑎1, 𝑎2, … , 𝑎𝑛⟩ the ideal generated by these elements in the semiring (ℤ0
+, +,⋅). For definitions of 

left 𝑅-semimodules, subsemimodules, partitioning subsemimodules (i.e., 𝑄-subsemimodules), 

subtractive subsemimodules (i.e., 𝑘-subsemimodules), quotient semimodules, semimodule 

homomorphisms, and direct sums, we refer to [1,2,3,5]. Throughout this paper, an 𝑅-semimodule 

means a left semimodule over a semiring 𝑅. An 𝑅-semimodule 𝑀 is called zerosumfree if 𝑥 + 𝑦 = 0 

implies 𝑥 = 𝑦 = 0 for all𝑥, 𝑦 ∈ 𝑀. 
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An on to 𝑅-semimodule homomorphism 𝑓: 𝑀 → 𝑀′ is called maximalif for each 𝑎 ∈ 𝑀′, there exists a unique 𝑞𝑎 ∈

𝑓−1({𝑎}) such that 𝑥 + ker 𝑓 ⊆ 𝑞𝑎 + ker 𝑓 for every 𝑥 ∈ 𝑓−1({𝑎}), where ker 𝑓 = {𝑥 ∈ 𝑀: 𝑓(𝑥) = 0𝑀′}. A subsemimodule 𝑁 of 

an 𝑅-semimodule 𝑀 is called cyclic if 𝑁 = {𝑟𝑥: 𝑟 ∈ 𝑅} for some𝑥 ∈ 𝑀. It is denoted by 𝑅𝑥 or⟨𝑥⟩. 

Lemma 1.1. (9)  Let 𝐼 and 𝐽 be subtractive ideals of a semiring 𝑅. Then 𝐼 ∪ 𝐽 is a subtractive ideal of 𝑅 if and only if 𝐼 ⊆ 𝐽or 𝐽 ⊆ 𝐼. 

Lemma 1.2. (1)  If 𝑁 is a subtractive subsemimodule of an 𝑅-semimodule 𝑀and 𝑚 ∈ 𝑀, then: 

1. (𝑁: 𝑀) is a subtractive ideal of 𝑅; 

2. (𝑁: 𝑚) = {𝑟 ∈ 𝑅: 𝑟𝑚 ∈ 𝑁} is a subtractive ideal of 𝑅; 

3. (0: 𝑚) = {𝑟 ∈ 𝑅: 𝑟𝑚 = 0} is a subtractive ideal of 𝑅; 

4. (0: 𝑀) = {𝑟 ∈ 𝑅: 𝑟𝑚 = 0 for all 𝑚 ∈ 𝑀}is a subtractive ideal of 𝑅. 

A proper subsemimodule𝑁 of 𝑀 is called prime if for 𝑟 ∈ 𝑅and 𝑚 ∈ 𝑀, 𝑟𝑚 ∈ 𝑁 implies 𝑟 ∈ (𝑁: 𝑀) or 𝑚 ∈ 𝑁. 

Definition 1.3 (2).  A subsemimodule𝑁 of 𝑀 is called partitioning (or a 𝑄-subsemimodule) if there exists a subset 𝑄 ⊆ 𝑀 such 

that: 

(i) 𝑀 = ⋃ {𝑞 + 𝑁: 𝑞 ∈ 𝑄}; 

(ii) For 𝑞1, 𝑞2 ∈ 𝑄, (𝑞1 + 𝑁) ∩ (𝑞2 + 𝑁) ≠ ∅ if and only if 𝑞1 = 𝑞2. 

If 𝑁 is a partitioning subsemimodule of an 𝑅-semimodule 𝑀, then 𝑀/𝑁(𝑄) = {𝑞 + 𝑁: 𝑞 ∈ 𝑄} forms an 𝑅-semimodule under the 

operations defined in [2], called the quotient semimodule. 

Lemma 1.4. (2)  Let 𝑁 be a subsemimodule of an 𝑅-semimodule 𝑀 and 𝑥, 𝑦 ∈ 𝑀 such that 𝑥 + 𝑁 ⊆ 𝑦 + 𝑁. Then for all 𝑧 ∈ 𝑀and 𝑟 ∈ 𝑅, 

𝑥 + 𝑧 + 𝑁 ⊆ 𝑦 + 𝑧 + 𝑁 and 𝑟𝑥 + 𝑁 ⊆ 𝑟𝑦 + 𝑁. 

Lemma 1.5. (2)  Let 𝑁 be a 𝑄-subsemimodule of an 𝑅-semimodule 𝑀. For each 𝑥 ∈ 𝑀, there exists a unique 𝑞 ∈ 𝑄 such that 𝑥 + 𝑁 ⊆ 𝑞 +

𝑁. Hence 𝑥 = 𝑞 + 𝑎 for some 𝑎 ∈ 𝑁. 

Semi-𝑛-Absorbing Subsemimodules 

Definition 2.6.  Let 𝑛 > 1 be a fixed integer. A proper subsemimodule 𝑁 of an 𝑅-semimodule 𝑀 is called a semi-𝑛-absorbing 

subsemimodule if for all 𝑟 ∈ 𝑅and 𝑚 ∈ 𝑀, 

𝑟𝑛𝑚 ∈ 𝑁 ⟹ 𝑟𝑚 ∈ 𝑁or𝑟𝑛 ∈ (𝑁:𝑅 𝑀). 

Example 2.7.  Let 𝑝 be a prime number and let 𝑛 be a positive integer greater than 1. The zero subsemimodule of the ℤ0
+-

semimodule ℤ𝑝𝑛 is a semi-𝑛-absorbing subsemimodule. 

Theorem 2.8.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑁 a semi-𝑛-absorbing subsemimodule of 𝑀. Then for every 𝑚 ∈

𝑀, the annihilator 

(𝑁:𝑅 𝑚) = {𝑟 ∈ 𝑅: 𝑟𝑚 ∈ 𝑁} is a semi-𝑛-absorbing ideal of 𝑅. 

Proof. Let 𝑎, 𝑏 ∈ 𝑅 and suppose 𝑎𝑛𝑏 ∈ (𝑁: 𝑚). Then 𝑎𝑛𝑏𝑚 ∈ 𝑁. Since 𝑁 is semi-𝑛-absorbing, either 𝑎𝑏𝑚 ∈ 𝑁or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). 

Hence either 𝑎𝑏 ∈ (𝑁:𝑅 𝑚)or 𝑎𝑛 ∈ (𝑁:𝑅 𝑚). Therefore (𝑁: 𝑚) is a semi-𝑛-absorbing ideal of 𝑅.◻ 

Lemma 2.9.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, 𝑁 a proper subsemimodule of 𝑀, and 𝑛 ≥ 2 a fixed integer. The 

following statements are equivalent: 

(i) 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝑀; 

(ii) For every 𝑎 ∈ 𝑅 and every subsemimodule 𝐿of 𝑀, 𝑎𝑛𝐿 ⊆ 𝑁 implies 𝑎𝐿 ⊆ 𝑁 or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). 

Proof. (i) ⇒ (ii). Assume 𝑁 is semi-𝑛-absorbing and let 𝑎 ∈ 𝑅 and 𝐿 ≤ 𝑀with 𝑎𝑛𝐿 ⊆ 𝑁. Take 𝑥 ∈ 𝐿. Then 𝑎𝑛𝑥 ∈ 𝑁. Since 𝑁 is 

semi-𝑛-absorbing, either 𝑎𝑥 ∈ 𝑁or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). If 𝑎𝑛 ∈ (𝑁:𝑅 𝑀), we are done. Otherwise, 𝑎𝑥 ∈ 𝑁 for every 𝑥 ∈ 𝐿, so 𝑎𝐿 ⊆ 𝑁. 

(ii) ⇒ (i). Let 𝑎 ∈ 𝑅 and 𝑚 ∈ 𝑀with 𝑎𝑛𝑚 ∈ 𝑁. Take 𝐿 = 𝑅𝑚, the cyclic subsemimodule generated by 𝑚. Then 𝑎𝑛𝐿 ⊆ 𝑁. By (ii), 

either 𝑎𝐿 ⊆ 𝑁, which implies 𝑎𝑚 ∈ 𝑁, or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). Hence 𝑁 is semi-𝑛-absorbing.◻ 

Lemma 2.10.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑛 ≥ 2 a fixed integer. Let 𝑁 and 𝐾 be subsemimodules of 𝑀with 

𝑁 ⊆ 𝐾. If 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝑀, then 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝐾. 

Proof. This follows by adapting the argument from Lemma 2.9. Let 𝑎 ∈ 𝑅 and 𝑥 ∈ 𝐾such that 𝑎𝑛𝑥 ∈ 𝑁. Since 𝐾 ⊆ 𝑀, we have 𝑥 ∈

𝑀. Because 𝑁 is semi-𝑛-absorbing in 𝑀, either 𝑎𝑥 ∈ 𝑁 or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). Since 𝑁 ⊆ 𝐾, we have (𝑁:𝑅 𝑀) ⊆ (𝑁:𝑅 𝐾). Hence 𝑎𝑛 ∈

(𝑁:𝑅 𝐾). Therefore either 𝑎𝑥 ∈ 𝑁or 𝑎𝑛 ∈ (𝑁:𝑅 𝐾). Thus 𝑁 is semi-𝑛-absorbing in 𝐾.◻ 

Lemma 2.11.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑛 ≥ 2. Let 𝑁 be a semi-𝑛-absorbing subsemimodule of 𝑀. Then 

for every subsemimodule 𝐿of 𝑀, either 𝐿 ⊆ 𝑁 or 𝐿 ∩ 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝐿. 

Proof. Let 𝐿 be a subsemimodule of 𝑀. If 𝐿 ⊆ 𝑁, there is nothing to prove. Assume 𝐿 ⊈ 𝑁. We show that 𝐿 ∩ 𝑁 is a semi-𝑛-

absorbing subsemimodule of 𝐿. 

Let 𝑎 ∈ 𝑅 and 𝑥 ∈ 𝐿 such that 𝑎𝑛𝑥 ∈ 𝐿 ∩ 𝑁. Then 𝑎𝑛𝑥 ∈ 𝑁. Since 𝑁 is semi-𝑛-absorbing in 𝑀, either 𝑎𝑥 ∈ 𝑁 or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). 

If 𝑎𝑥 ∈ 𝑁, then 𝑎𝑥 ∈ 𝐿 ∩ 𝑁 because 𝑥 ∈ 𝐿 and 𝐿 is a subsemimodule. Hence 𝑎𝑥 ∈ 𝐿 ∩ 𝑁. 

If 𝑎𝑛 ∈ (𝑁:𝑅 𝑀), then 𝑎𝑛𝑀 ⊆ 𝑁. In particular, 𝑎𝑛𝐿 ⊆ 𝑁, so 𝑎𝑛 ∈ (𝐿 ∩ 𝑁:𝑅 𝐿). Therefore, 𝐿 ∩ 𝑁 satisfies the semi-𝑛-absorbing 

condition in 𝐿.◻ 

Lemma 2.12.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑛 ≥ 2. Let 𝑁 be a proper subsemimodule of 𝑀. Then 𝑁 is a semi-

𝑛-absorbing subsemimodule of 𝑀 if and only if for every 𝑎 ∈ 𝑅, we have 

(𝑁:𝑀 𝑎𝑛) = (𝑁:𝑀 𝑎) or (𝑁:𝑀 𝑎𝑛) = 𝑀. 

https://ijersd.com/
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Proof. Assume 𝑁 is semi-𝑛-absorbing and let 𝑎 ∈ 𝑅. If (𝑁:𝑀 𝑎𝑛) = 𝑀, there is nothing to prove. Suppose (𝑁:𝑀 𝑎𝑛) ≠ 𝑀. Let 𝑥 ∈

(𝑁:𝑀 𝑎𝑛). Then 𝑎𝑛𝑥 ∈ 𝑁. Since 𝑁 is semi-𝑛-absorbing and 𝑎𝑛 ∉ (𝑁:𝑅 𝑀), it follows that 𝑎𝑥 ∈ 𝑁. Hence 𝑥 ∈ (𝑁:𝑀 𝑎). Therefore 

(𝑁:𝑀 𝑎𝑛) ⊆ (𝑁:𝑀 𝑎). The reverse inclusion always holds, so (𝑁:𝑀 𝑎𝑛) = (𝑁:𝑀 𝑎). 

Conversely, assume that for every 𝑎 ∈ 𝑅, we have (𝑁:𝑀 𝑎𝑛) = (𝑁:𝑀 𝑎) or (𝑁:𝑀 𝑎𝑛) = 𝑀. Let 𝑎 ∈ 𝑅 and 𝑥 ∈ 𝑀with 𝑎𝑛𝑥 ∈ 𝑁. 

Then 𝑥 ∈ (𝑁:𝑀 𝑎𝑛). If (𝑁:𝑀 𝑎𝑛) = 𝑀, then 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). Otherwise, (𝑁:𝑀 𝑎𝑛) = (𝑁:𝑀 𝑎), so 𝑥 ∈ (𝑁:𝑀 𝑎), which gives 𝑎𝑥 ∈ 𝑁. 

Thus 𝑁 is semi-𝑛-absorbing.◻ 

Lemma 2.13.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑛 ≥ 2. Let 𝑁 be a proper subsemimodule of 𝑀. Then the 

following are equivalent: 

(i) 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝑀; 

(ii) (𝑁:𝑀 𝐼) is a semi-𝑛-absorbing subsemimodule of 𝑀 for every ideal 𝐼 of 𝑅 with 𝐼𝑀 ⊈ 𝑁; 

(iii) (𝑁:𝑀 𝑟)is a semi-𝑛-absorbing subsemimodule of 𝑀 for every 𝑟 ∈ 𝑅 with 𝑟𝑀 ⊈ 𝑁. 

Proof. (i) ⇒ (ii). Let 𝐼 be an ideal of 𝑅with 𝐼𝑀 ⊈ 𝑁. Let 𝑎 ∈ 𝑅 and 𝐿 be a subsemimodule of 𝑀 such that 𝑎𝑛𝐿 ⊆ (𝑁:𝑀 𝐼). Then 

𝑎𝑛𝐼𝐿 ⊆ 𝑁. Since 𝑁 is semi-𝑛-absorbing, either 𝑎𝐼𝐿 ⊆ 𝑁or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). If 𝑎𝐼𝐿 ⊆ 𝑁, then 𝑎𝐿 ⊆ (𝑁:𝑀 𝐼). Hence (𝑁:𝑀 𝐼) is semi-𝑛-

absorbing. 

(ii) ⇒ (iii). This follows by taking 𝐼 = 𝑅𝑟. 

(iii) ⇒ (i). Taking 𝑟 = 1, we obtain (𝑁:𝑀 1) = 𝑁, hence 𝑁 is semi-𝑛-absorbing.◻ 

Lemma 2.14.  Let 𝑅 be a commutative semiring, 𝑀 an 𝑅-semimodule, and 𝑛 ≥ 2. If 𝑁 is a semi-𝑛-absorbing subsemimodule of 𝑀, then 

(𝑁:𝑅 𝑅𝑥) is a semi-𝑛-absorbing ideal of 𝑅 for every 𝑥 ∈ 𝑀 ∖ 𝑁. 

Proof. Since 𝑥 ∉ 𝑁, we have (𝑁:𝑅 𝑅𝑥) ≠ 𝑅. Let 𝑎, 𝑏 ∈ 𝑅with 𝑎𝑛𝑏 ∈ (𝑁:𝑅 𝑅𝑥). Then 𝑎𝑛𝑏𝑥 ∈ 𝑁. Since 𝑁 is semi-𝑛-absorbing, either 

𝑎𝑏𝑥 ∈ 𝑁or 𝑎𝑛 ∈ (𝑁:𝑅 𝑀). Hence either 𝑎𝑏 ∈ (𝑁:𝑅 𝑅𝑥)or 𝑎𝑛 ∈ (𝑁:𝑅 𝑅𝑥). Thus (𝑁:𝑅 𝑅𝑥) is a semi-𝑛-absorbing ideal of 𝑅.◻ 

Proposition 2.15.  Let 𝑓: 𝑀1 → 𝑀2 be an 𝑅-semimodule homomorphism. Then: 

(i) If 𝑓 is onto and steady, and 𝑁 is a semi-𝑛-absorbing subtractive subsemimodule of 𝑀1containing ker 𝑓, then 𝑓(𝑁) is a semi-

𝑛-absorbing subsemimodule of 𝑀2. 

(ii) If 𝐾 is a semi-𝑛-absorbing subsemimodule of 𝑀2, then 𝑓−1(𝐾) is a semi-𝑛-absorbing subsemimodule of 𝑀1. 

Proof. (i) Assume 𝑓 is onto and steady, and 𝑁 is a semi-𝑛-absorbing subtractive subsemimodule of 𝑀1containing ker 𝑓. Let 𝑎 ∈ 𝑅 

and 𝑚2 ∈ 𝑀2 be such that 𝑎𝑛𝑚2 ∈ 𝑓(𝑁). Since 𝑓 is onto, there exist 𝑚1 ∈ 𝑀1 and 𝑛 ∈ 𝑁 such that 𝑚2 = 𝑓(𝑚1)and 𝑎𝑛𝑚2 =

𝑓(𝑛). Then 

𝑓(𝑛) = 𝑎𝑛𝑚2 = 𝑎𝑛𝑓(𝑚1) = 𝑓(𝑎𝑛𝑚1). 

Since 𝑓 is steady, there exist 𝑘1, 𝑘2 ∈ ker 𝑓 such that 𝑛 + 𝑘1 = 𝑎𝑛𝑚1 + 𝑘2. Now 𝑁 is subtractive and ker 𝑓 ⊆ 𝑁, so 𝑎𝑛𝑚1 ∈ 𝑁. 

Since 𝑁 is semi-𝑛-absorbing, either 𝑎𝑚1 ∈ 𝑁or 𝑎𝑛 ∈ (𝑁: 𝑀1). 

If 𝑎𝑚1 ∈ 𝑁, then 𝑎𝑚2 = 𝑎𝑓(𝑚1) = 𝑓(𝑎𝑚1) ∈ 𝑓(𝑁). 

If 𝑎𝑛 ∈ (𝑁: 𝑀1), then for any 𝑚2
′ ∈ 𝑀2, there exists 𝑚1

′ ∈ 𝑀1 with 𝑚2
′ = 𝑓(𝑚1

′ ), and 

𝑎𝑛𝑚2
′ = 𝑎𝑛𝑓(𝑚1

′ ) = 𝑓(𝑎𝑛𝑚1
′ ) ∈ 𝑓(𝑁), 

so 𝑎𝑛 ∈ (𝑓(𝑁): 𝑀2). Hence 𝑓(𝑁) is semi-𝑛-absorbing in 𝑀2. 

(ii) Assume 𝐾 is semi-𝑛-absorbing in 𝑀2. Let 𝑎 ∈ 𝑅 and 𝑚1 ∈ 𝑀1 be such that 𝑎𝑛𝑚1 ∈ 𝑓−1(𝐾). Then 

𝑓(𝑎𝑛𝑚1) = 𝑎𝑛𝑓(𝑚1) ∈ 𝐾. 

Since 𝐾 is semi-𝑛-absorbing, either 𝑎𝑓(𝑚1) ∈ 𝐾or 𝑎𝑛 ∈ (𝐾: 𝑀2). 

If 𝑎𝑓(𝑚1) ∈ 𝐾, then 𝑎𝑚1 ∈ 𝑓−1(𝐾). 

If 𝑎𝑛 ∈ (𝐾: 𝑀2), then for any 𝑚1
′ ∈ 𝑀1, we have (𝑎𝑛)𝑚1

′ ∈ 𝑓−1(𝐾), so 𝑎𝑛 ∈ (𝑓−1(𝐾): 𝑀1). Hence 𝑓−1(𝐾) is semi-𝑛-absorbing in 

𝑀1.◻ 

Proposition 2.16.  Let 𝑛 > 1, 𝑀1 and 𝑀2 be 𝑅-semimodules, and 𝑀 = 𝑀1 ⊕ 𝑀2. Moreover, let 𝑁1 and 𝑁2 be proper subsemimodules of 

𝑀1and 𝑀2, respectively. Then: 

(i) 𝑁1is a semi-𝑛-absorbing subsemimodule of 𝑀1 if and only if 𝑁1 ⊕ 𝑀2 is semi-𝑛-absorbing in 𝑀. 

(ii) 𝑁2is a semi-𝑛-absorbing subsemimodule of 𝑀2 if and only if 𝑀1 ⊕ 𝑁2 is semi-𝑛-absorbing in 𝑀. 

Proof. We prove (i); the proof of (ii) is analogous. 

Suppose 𝑁1 is semi-𝑛-absorbing in 𝑀1 and let 𝑎 ∈ 𝑅, (𝑥1, 𝑥2) ∈ 𝑀 be such that 𝑎𝑛(𝑥1, 𝑥2) ∈ 𝑁1 ⊕ 𝑀2. Then 𝑎𝑛𝑥1 ∈ 𝑁1. By 

hypothesis, either 𝑎𝑥1 ∈ 𝑁1or 𝑎𝑛 ∈ (𝑁1: 𝑀1). 

If 𝑎𝑥1 ∈ 𝑁1, then 𝑎(𝑥1, 𝑥2) = (𝑎𝑥1, 𝑎𝑥2) ∈ 𝑁1 ⊕ 𝑀2. 

If 𝑎𝑛 ∈ (𝑁1: 𝑀1), then 𝑎𝑛 ∈ (𝑁1 ⊕ 𝑀2: 𝑀). Hence 𝑁1 ⊕ 𝑀2 is semi-𝑛-absorbing in 𝑀. 

Conversely, assume 𝑁1 ⊕ 𝑀2 is semi-𝑛-absorbing in 𝑀. Let 𝑎 ∈ 𝑅 and 𝑥1 ∈ 𝑀1 be such that 𝑎𝑛𝑥1 ∈ 𝑁1. Then 𝑎𝑛(𝑥1, 0) ∈ 𝑁1 ⊕

𝑀2. Since 𝑁1 ⊕ 𝑀2 is semi-𝑛-absorbing, either 𝑎(𝑥1, 0) ∈ 𝑁1 ⊕ 𝑀2or 𝑎𝑛 ∈ (𝑁1 ⊕ 𝑀2: 𝑀). In the first case, 𝑎𝑥1 ∈ 𝑁1. In the 

second case, 𝑎𝑛 ∈ (𝑁1: 𝑀1). Thus 𝑁1 is semi-𝑛-absorbing in 𝑀1.◻ 

Proposition 2.17.  Let 𝑛 > 1, 𝑀1 and 𝑀2 be 𝑅-semimodules such that 𝑎𝑛𝑀1 + 𝑎𝑛𝑀2 = 𝑅, and let 𝑁 be a semi-𝑛-absorbing 

subsemimodule of 𝑀 = 𝑀1 ⊕ 𝑀2. Then one of the following holds: 

(i) 𝑁 = 𝑁1 ⊕ 𝑀2 where 𝑁1 is semi-𝑛-absorbing in 𝑀1; 

(ii) 𝑁 = 𝑀1 ⊕ 𝑁2 where 𝑁2 is semi-𝑛-absorbing in 𝑀2; 

(iii) 𝑁 = 𝑁1 ⊕ 𝑁2, where 𝑁1 and 𝑁2 are semi-𝑛-absorbing in 𝑀1and 𝑀2, respectively. 
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Proof. By standard arguments, we have 𝑁 = 𝑁1 ⊕ 𝑁2 for some subsemimodules 𝑁1 ⊆ 𝑀1and 𝑁2 ⊆ 𝑀2. If 𝑁 = 𝑁1 ⊕ 𝑀2or 𝑁 =

𝑀1 ⊕ 𝑁2, the result follows from Proposition 2.16. Otherwise, 𝑁 = 𝑁1 ⊕ 𝑁2, where 𝑁1 and 𝑁2 are proper subsemimodules of 𝑀1 

and 𝑀2, respectively. 

Let 𝑎 ∈ 𝑅 and 𝑥1 ∈ 𝑀1 be such that 𝑎𝑛𝑥1 ∈ 𝑁1. Then 𝑎𝑛(𝑥1, 0) ∈ 𝑁 = 𝑁1 ⊕ 𝑁2. By hypothesis, either 𝑎(𝑥1, 0) ∈ 𝑁1 ⊕ 𝑁2or 𝑎𝑛 ∈

(𝑁1 ⊕ 𝑁2: 𝑀). In the first case, 𝑎𝑥1 ∈ 𝑁1. In the second case, 𝑎𝑛 ∈ (𝑁1: 𝑀1). Thus 𝑁1 is semi-𝑛-absorbing in 𝑀1. Similarly, 𝑁2 is 

semi-𝑛-absorbing in 𝑀2.◻ 

Semi-𝑛-Absorbing Subsemimodules in Quotient Semimodules 

Theorem 3.1.  Let 𝑁 be a 𝑄-subsemimodule of an 𝑅-semimodule 𝑀 and 𝑃 a subtractive subsemimodule of 𝑀with 𝑁 ⊆ 𝑃. Then 𝑃 is a semi-

𝑛-absorbing subsemimodule of 𝑀 if and only if 𝑃/𝑁(𝑄∩𝑃) is a semi-𝑛-absorbing subsemimodule of the quotient semimodule 𝑀/𝑁(𝑄). 

Proof. Let 𝑁 be a 𝑄-subsemimodule of 𝑀 and 𝑃 a subtractive subsemimodule of 𝑀with 𝑁 ⊆ 𝑃. By a known result, 𝑃/𝑁(𝑄∩𝑃) is a 

subtractive subsemimodule of 𝑀/𝑁(𝑄). 

(⇒) Suppose 𝑃 is semi-𝑛-absorbing. Let 𝑟1, 𝑟2, … , 𝑟𝑛+1 ∈ 𝑅 and 𝑞1 + 𝑁, 𝑞2 + 𝑁, … , 𝑞𝑛+1 + 𝑁 ∈ 𝑀/𝑁(𝑄) such that 

0𝑀/𝑁(𝑄)
≠ 𝑟1 ⊙ (𝑞1 + 𝑁) ⊕ 𝑟2 ⊙ (𝑞2 + 𝑁) ⊕ ⋯ ⊕ 𝑟𝑛+1 ⊙ (𝑞𝑛+1 + 𝑁) ∈ 𝑃/𝑁(𝑄∩𝑃). 

By the definition of the quotient operations, there exists a unique 𝑞0 ∈ 𝑄 ∩ 𝑃 such that 

𝑟1𝑞1 ⋯ 𝑟𝑛+1𝑞𝑛+1 + 𝑁 ⊆ 𝑞0 + 𝑁. 

Hence we can write 𝑟1𝑞1 ⋯ 𝑟𝑛+1𝑞𝑛+1 = 𝑞0 + 𝑛 for some 𝑛 ∈ 𝑁 ⊆ 𝑃. Since 𝑞0 ∈ 𝑃and 𝑛 ∈ 𝑃, we have 𝑟1𝑞1 ⋯ 𝑟𝑛+1𝑞𝑛+1 ∈ 𝑃. 

Now 𝑃 is semi-𝑛-absorbing, so there exists 𝑖 ∈ {1,2, … , 𝑛 + 1} such that 

𝑟1𝑞1 ⋯ 𝑟𝑖𝑞𝑖̂ ⋯ 𝑟𝑛+1𝑞𝑛+1 ∈ 𝑃, 

where𝑟𝑖𝑞𝑖̂ means the 𝑖-th term is omitted. Let 

𝑟1 ⊙ (𝑞1 + 𝑁) ⊕ ⋯ ⊕ 𝑟𝑖 ⊙ (𝑞𝑖 + 𝑁)̂ ⊕ ⋯ ⊕ 𝑟𝑛+1 ⊙ (𝑞𝑛+1 + 𝑁) = 𝑞′ + 𝑁 

where 𝑞′ ∈ 𝑄. Since 𝑟1𝑞1 ⋯ 𝑟𝑖𝑞𝑖̂ ⋯ 𝑟𝑛+1𝑞𝑛+1 ∈ 𝑃and 𝑁 ⊆ 𝑃, we have 𝑞′ ∈ 𝑄 ∩ 𝑃. Therefore 

𝑟1 ⊙ (𝑞1 + 𝑁) ⊕ ⋯ ⊕ 𝑟𝑖 ⊙ (𝑞𝑖 + 𝑁)̂ ⊕ ⋯ ⊕ 𝑟𝑛+1 ⊙ (𝑞𝑛+1 + 𝑁) ∈ 𝑃/𝑁(𝑄∩𝑃). 

Hence 𝑃/𝑁(𝑄∩𝑃) is semi-𝑛-absorbing in 𝑀/𝑁(𝑄). 

(⇐) Conversely, suppose 𝑃/𝑁(𝑄∩𝑃) is semi-𝑛-absorbing in 𝑀/𝑁(𝑄). Let 𝑟1, … , 𝑟𝑛+1 ∈ 𝑅 and 𝑚1, … , 𝑚𝑛+1 ∈ 𝑀 with 

0𝑀 ≠ 𝑟1𝑚1 ⋯ 𝑟𝑛+1𝑚𝑛+1 ∈ 𝑃. 

Since 𝑁 is a 𝑄-subsemimodule of 𝑀, by Lemma 1.5, for each 𝑚𝑖 there exists a unique 𝑞𝑖 ∈ 𝑄 such that 𝑚𝑖 + 𝑁 ⊆ 𝑞𝑖 + 𝑁. Then 

𝑟1 ⊙ (𝑞1 + 𝑁) ⊕ ⋯ ⊕ 𝑟𝑛+1 ⊙ (𝑞𝑛+1 + 𝑁) ∈ 𝑃/𝑁(𝑄∩𝑃) 

and it is non-zero in the quotient. 

By the semi-𝑛-absorbing property in the quotient, there exists 𝑖 such that 

𝑟1 ⊙ (𝑞1 + 𝑁) ⊕ ⋯ ⊕ 𝑟𝑖 ⊙ (𝑞𝑖 + 𝑁)̂ ⊕ ⋯ ⊕ 𝑟𝑛+1 ⊙ (𝑞𝑛+1 + 𝑁) ∈ 𝑃/𝑁(𝑄∩𝑃). 

Let 𝑞′ ∈ 𝑄 ∩ 𝑃 be the unique element corresponding to this sum. Then by Lemma 1.5, 

𝑟1𝑚1 ⋯ 𝑟𝑖𝑚𝑖̂ ⋯ 𝑟𝑛+1𝑚𝑛+1 = 𝑞′ + 𝑛 ∈ 𝑃 

for some 𝑛 ∈ 𝑁 ⊆ 𝑃. Since 𝑃 is subtractive, we conclude 

𝑟1𝑚1 ⋯ 𝑟𝑖𝑚𝑖̂ ⋯ 𝑟𝑛+1𝑚𝑛+1 ∈ 𝑃. 

Hence 𝑃 is semi-𝑛-absorbing in 𝑀.◻ 

Conclusion 

In this paper, we extended the concept of semi-𝑛-absorbing substructures from modules over rings to semimodules over semirings. 

By carefully reformulating classical definitions to accommodate the absence of additive inverses, we established foundational 

properties including: 

1. Equivalent characterizations using annihilators and cyclic subsemimodules; 

2. Behavior under homomorphisms, intersections, and quotient constructions; 

3. Stability conditions for direct sums; 

4. A complete classification over the semiringℤ0
+. 

These results demonstrate that semi-𝑛-absorbing behavior naturally arises in semimodule theory and offers a robust framework 

for further investigation in semiring-based algebraic systems. Future work may explore connections to tropical geometry, 

optimization theory, and applications in computer science where semirings play a fundamental role. 
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