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Abstract 
The Bi3+-doped copper ferrite (CuFe₂O₄) nanoparticles synthesized via the sol-gel technique using 

nitrate precursors were extensively examined. The study included advanced characterization techniques to 
examine structural, elemental, and morphological aspects. The structural phase and crystallinity were 
determined using X-ray diffraction (XRD), whereas elemental mapping was acquired by Energy Dispersive 
X-ray analysis (EDX). The nanoparticles' morphology and fine structure were elucidated by High-resolution 
Transmission Electron Microscopy (HR-TEM). The study utilized peak broadening analysis from XRD 
and employed various analytical techniques, including the Williamson-Hall (W-H), Size-Strain Plot (SSP), 
and Halder-Wagner (H-W) methods, to assess crystallite size and lattice strain. These models were 
compared to ascertain structural factors such as lattice strain and energy density. The particle size was 
assessed via graphical methods, including Scanning Electron Microscopy (SEM) and High-Resolution 
Transmission Electron Microscopy (HR-TEM), facilitating a comparison with the results of the W-H, 
SSP, and H-W methodologies. The findings indicated that the produced nanoparticles exhibited an average 
particle size ranging from 69 to 77 nm. This multi-method approach elucidates the material's potential 
applications by emphasizing the intricate interactions among synthesis techniques, structural attributes, and 
particle dimensions. 
Keywords: Lattice strain; Jahn-Teller (J-T) effect, tetragonal & orthorhombic phase; Crystallite size 

Introduction 
New researchers are fascinated by the inherent properties of nanoferrites, which have 

been widely applied across several technologies over the past three decades. The bulk of 
investigated ferrites display spinel and tetragonal structures, which significantly affect their 
magnetic, optical, electrical, and electrochemical properties. The materials' properties can be 
altered by adding other chemicals, altering the chemical composition, adjusting the manufacturing 
process, or applying heat. Ferrite nanoparticles are used in various applications, including 
microwave absorbers, sensors, energy storage systems, drug therapy, magnetic resonance imaging, 
magnetocaloric refrigerators, and supercapacitors [1-7].  Copper ferrite nanoparticles (CFNs) 

(CuFe₂O₄) are extensively researched ferrites characterized by a cubic spinel structure [8]. 
However, they do not conform to the typical cubic structure, as divalent ions indiscriminately 
occupy both tetrahedral and octahedral sites rather than solely tetrahedral sites. CFNs exhibit 
significant sensitivity to temperature and doping levels, which can alter their structure. They may 
have a tetragonal structure, indicating a tetragonal phase at lower temperatures and a cubic phase 
at elevated temperatures [9]. Samples sintered at temperatures over 800°C and thereafter cooled 
gradually tend to remain in a tetragonal phase. The quick cooling to room temperature maintains 
the cubic phase. Doping and temperature effects impact phase transitions in CFN structures. 
Ferrite materials exhibit the coexistence of cubic spinel and tetragonal phases. In CFNs, the Jahn-

Teller (J-T) distortion, resulting from 3d⁹ Cu²⁺ ions occupying octahedral sites, induces these 

structural alterations [10]. The tetrahedral site occupancy of Fe³⁺ and Cu²⁺ ions further diminish 
magnetic moments, thereby enhancing the Jahn-Teller effect. The J-T effect in the material is 

controlled by the distribution of Cu²⁺ ions across different sites, the presence of oxygen vacancies, 
and exchange interactions among ions. 

The bismuth ferrite exhibits two distinct phases: magnetic and electric, with a specific 
focus on the tuning phase inside the material [11]. The researcher investigates magnetoelectric 
modulation of magnetism by an electric field in magnetoelectric devices. Bi3+ is an excellent 
option for magnetoelectric devices operating at ambient temperature. Premium materials employ 
various effects to regulate domains, switch ferroelectrics, enable electronic domain barriers, couple 
interfacial exchange, and manage ionic defects for electrical and magnetic applications [12–15]. 
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This study focuses on the examination of phase development and phase transitions, and comparative structural analysis 
of the material using diverse approaches. The intrinsic properties of the materials, such as crystallite size, lattice strain, and the 
source of intrinsic strain, stem from the material's composition and the formation of grain boundaries and grains during crystal 
growth [16]. Lattice strain mostly results from lattice dislocations; however, stacking faults, sinter strains, and triple junction 
grain boundaries may also contribute. The dimensions of the crystallites are discovered by the extent of peak broadening, whereas 
the Bragg peak serves to quantify intrinsic strain. The Scherrer method is the predominant technique for determining crystallite 
size from an XRD peak. Nevertheless, it cannot accurately quantify crystallite size as it fails to account for strain and instrumental 
effects. The Williamson-Hall method, the Size-Strain Plot, and the Halder-Wagner method are effective for determining lattice 
strain, intrinsic strain, energy density, and dislocation density in nanomaterials [20, 21]. They can also be used to determine 
crystallite dimensions. 

In this study, we investigate the effects of Bi³⁺ doping on synthesized copper ferrite, employing X-ray diffraction (XRD) 
for crystallographic analysis to elucidate the nanoparticles' morphology and microstructure. XRD was specifically employed to 
evaluate phase, crystallite size, strain, and dislocation density by various analytical techniques. 

Materials and methods 
Material used 
The synthesis of bismuth-substituted copper ferrite nanoparticles by using reagents like as hexahydrate cupric nitrate 

(Cu(NO₃)₂·6H₂O) from Qualigens, nonahydrate iron nitrate (Fe(NO₃)₃·9H₂O) from Qualigens, pentahydrate bismuth nitrate 

(Bi(NO₃)₃·5H₂O) from Sigma Aldrich, and citric acid monohydrate (C₆H₈O₇·H₂O) from Merck. All chemicals employed were of 
analytical grade. 

Synthesis of bismuth-doped Copper ferrite nanoparticles 
The widely deployed sol-gel combustion technique was employed to synthesize CuBixFe2-xO4 CFNs nanoparticles, 

where x ranges from 0.0 to 1.0. The first step involved carefully weighing all precursors according to their chemical compositions. 
The subsequent stage involved combining the precursors in various beakers. Bismuth nitrate was combined with nitric acid, while 
the other precursors were dissolved in deionized water. The third phase involved combining all the compounds and adjusting the 
solution's pH to 7. The liquid gradually transformed into a gel under prolonged heating. It gradually became denser. As the water 
molecules evaporated, the viscous gel ultimately ignited and transformed into a powder. The powder was ultimately heated to 
550°C for 6 hours. 

Characterizations 
The structural assessment of the produced Bi3+-doped CuFe2O4 nanoparticle was conducted using Rigaku XRD 

equipment with a 0.02 step size and a scanning range of 10 to 70 degrees. The radiation source was Cu Kα (1.5406 Å), and the 
accelerating voltage was 40 kV at 50 mA. The morphological investigation of a sample scanned by scanning electron microscope 
(SEM, ZEISS Gemini 450). Transmission electron microscopy (TEM) images (JEOL-JEM 2100 Plus) acquired at 200 kV were 
used to investigate high-resolution surface morphologies, crystallinity, particle size distribution, and lattice spacing. Samples for 
HRTEM analysis were prepared by dispersing the powder in ethanol and drop-casting onto a 400-mesh Cu grid. 

Result and discussion 
XRD data analysis 
The lattice parameter, crystallite size, and microstrain were the primary parameters examined in the XRD study. At X = 0.0, 

prominent and pronounced peaks were seen at 2θ angles of 18.37, 30.11, 34.65, 36.22, 44.16, and 62.22. These peaks correspond to 
the (101), (112), (103), (211), (202), (004), (220), (312), (321), (224), and (400) planes, which match the standard database JCPDS 
Card no. (48-1548) for a tetragonal crystal structure with the I41/amd space group [31]. The XRD spectra show a single phase of 
copper ferrite, accompanied by minor secondary peaks. The Bragg peaks at 33.31°, 38.73°, and 54.26° with modest intensity 
indicate distortion in the tetragonal phase. The Jahn-Teller (J-T) effect, occurring in tetragonal and cubic spinel structures, 
induces these alterations in copper ferrite [32]. The J-T effect in copper ferrite is mostly associated with Cu2+ ions located at 
octahedral sites, which exhibit significant temperature sensitivity and are formed during the formation process [33]. In copper 
ferrite, Cu2+ and Fe2+ ions partially occupy the tetrahedral (A-site), whereas Fe3+ and specific Cu2+ ions partially occupy the 
octahedral (B-site). The material possesses an inverse or mixed spinel configuration. Cu2+ ions predominantly occupy octahedral 
sites, while they may also partially occupy tetrahedral sites, contingent upon the synthesis method of the material. The Jahn-
Teller (J-T) effect refers to a distortion in the geometry of a molecule or crystal that increases its energy stability by lowering its 
symmetry. The principal factor underlying this occurrence in copper ferrite is the presence of Cu2+ ions, characterized by an 
electronic configuration of 3d9. Cu2+ ions occupying octahedral sites exhibit an asymmetrical distribution of their d-electrons in 
the d x2 and dx2-y2 orbitals [35]. The absence of symmetry elongates the octahedron, hence reducing the system's energy. The J-
T effect induces alterations in the crystal lattice configuration, potentially resulting in phase transitions among cubic, tetragonal, 
and orthorhombic structures, contingent upon the quantity and distribution of Cu2+ ions. The J-T distortion in copper ferrite 
stabilizes the Cu2+ ions and significantly alters the material's physical and magnetic properties [38]. 
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Fig. 1. X-ray diffraction pattern for Bi3+ doped CuFe2O4 synthesized by sol-gel method. 

In gas-sensing applications, distortion alters the electrical configuration of the surface, thereby enhancing the reactivity 
of copper ferrite [39]. The J-T distortion diminishes superexchange interactions in magnetic applications, resulting in reduced 

magnetic moments and anisotropy [40, 41]. The diffraction data for X = 0.2 and 0.4 exhibited prominent peaks at 2θ angles of 
18.46, 22.48, 28.1, 31.86, 33.32, 35.68, 46.8, and 57.22. The peaks correspond to the (002), (020), (112), (022), (212), (041), and 

(141) planes, indicating that the structure is orthorhombic with the Pbam space group [42]. The incorporation of Bi³⁺ into copper 
ferrite results in the formation of a novel orthorhombic phase alongside the pre-existing tetragonal phase. At a substitution level 

of x = 0.2, orthorhombic peaks begin to emerge, while the tetragonal phase remains predominant. However, as the Bi³⁺ 
concentration increases to x = 0.4, the orthorhombic phase predominates. The (112) plane at 28.1° represents the most 
pronounced peak, exhibiting a relative intensity of 100%. The biphasic coexistence at x = 0.4 indicates a phase transition driven by 

two primary factors: the Jahn-Teller (J-T) effect, which involves significant deformation of Cu²⁺ ions in octahedral sites, thereby 

influencing the lattice structure. The larger ionic radius of Bi³⁺ prevents its incorporation into the tetragonal lattice of copper 
ferrite, hence maintaining the stability of the orthorhombic phase. This phase transition corresponds to previous research that 
reported analogous behavior in cobalt ferrite under comparable substitution conditions [43]. 

In a tetragonal crystal structure, the unit cell lattice parameters are a = b ≠ c, with α = β = γ = 90°. Two lattice 
parameters are required to fully elucidate its behavior. The d-spacing for the tetragonal crystal structure is determined by using 
equation 1. 
1

d2
=

h2+k2

a2
+

l2

c2
                                                            1 

Where h, k, and l are lattice planes. 
Table 1 presents the lattice parameters, cell volumes, and c/a ratios for x values of 0.0, 0.2, and 0.4. Upon the addition of 

Bi³⁺, the lattice parameter '𝑎' increases, whilst the '𝑐' parameter decreases. Bi³⁺ possesses a significantly larger ionic radius (1.71 Å) 

compared to Cu²⁺ (0.73 Å) and Fe³⁺ (0.645 Å). In the tetragonal lattice, Bi³⁺ ions preferentially occupy tetrahedral positions, 

whereas Cu²⁺ ions preferentially occupy octahedral sites. Nonetheless, the majority of these ions are located on the octahedral B-

site. The larger ionic radius of Bi³⁺ enlarges the lattice in the ab-plane, resulting in an increased a-parameter. This induces stress 

in the lattice along the c-axis, resulting in a reduction of the c-parameter. Cu²⁺ ions exhibit a pronounced Jahn-Teller effect at the 

octahedral B-site; however, when Bi³⁺ substitutes for them, the Jahn-Teller distortion is diminished due to the absence of this 

effect in Bi³⁺. This reduces the c-parameter when the octahedra elongate. The increase in the a-parameter may be attributed to the 

redistribution of lattice stress inside the ab-plane and the effect of Bi³⁺ substitution on the lengths of the metal-oxygen bonds in 
this plane. The unit cell (V) for tetragonal Bi3+-doped CuFe2O4 nanoparticles is expressed as V = a²c. To determine the unit cell 
volume of CFNs, it is essential to ascertain the unit cell lattice parameters a, b, and c. The calculated unit cell volume for the 
samples ranges from 293.002 to 298.797 Å3, indicating an increase in volume with Bi3+ doping. 

Table 1. The lattice constants "a," "c," and cell volume (V) for CuBixFe2-xO4 exhibiting a tetragonal unit cell. 
 

Composition (x) a (Å) c (Å) V (Å3) c/a 
0.0 5.81 8.68 293.002 1.493 

0.2 5.83 8.67 293.674 1.487 
0.4 5.95 8.44 298.797 1.418 

We analyzed the crystallite size, micro-strain, and additional structural properties from the XRD data using the Scherrer 
technique, Williamson-Hall, and Halder-Wagner methods. 

Scherrer equation for determining crystallite size  
Paul Scherrer elucidated the correlation between crystallite size and the full width at half maximum (FWHM) of a 

diffraction peak. This is now referred to as the Scherrer equation for determining crystallite size. When X-rays interact with the 
substance, the XRD diffraction pattern produces distinct peaks. The peaks are responsible for the instrumental and physical 
broadening [44, 45]. Utilizing the full width of the peak at half maximum (FWHM) of the diffraction pattern, the physical and 
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experimental widths of the sample are determined. The FWHM can also be used to determine the crystallite dimensions in the 
material. Equation 3 presents the Scherrer formula for determining crystallite size. 

t =
kλ

Cosθβ
                                                                            3 

Cosθ

𝜆
=

k

t.β
                                                                            4 

In this equation, t represents the crystallite size, k is a constant (k = 0.94), λ is the wavelength of X-ray radiation, β is 

the FWHM of the intense peak, and θ is the diffraction angle of the peak. We employed the Scherrer equation [46–48] to 

determine crystallite sizes by graphical or mathematical analysis. The graphical approach entails plotting cosθ/λ versus 1/β, as 
illustrated in Fig. 2(a). The Scherrer method indicates that the crystallite sizes vary from 69 to 74 nm, as presented in Table 2. 

The Williamson-Hall method  
Several factors influence the development and size of crystals. These factors influence the rate of crystal formation, 

crystal purity, and crystal morphology. Nanocrystalline materials, characterized by structural flaws and a high surface-to-volume 
ratio, exhibit intrinsic strain. The intrinsic strain influences the mechanical, electrical, thermal, and optical properties of 
nanocrystals [49, 50]. Intrinsic strain arises from several defects, including grain boundary strain, point defects such as vacancies 
and interstitial atoms, sintering stress, triple junction strain, stacking fault strain, and coherency stress. The Williamson-Hall 
method, Warren-Averbach analysis, Balzar and Enzo analysis, Halder-Wagner technique, and size-strain plot are distinct 
methodologies for examining a material's microstructural characteristics. The Williamson-Hall method is the most effective means 
to determine both the crystallite size and the intrinsic strain [51–53]. 

 

 

Fig. 2 Crystallite size for x = 0.0,0.2 and 0.4. by (a) Scherrer method (b) Uniform Deformation Model (UDM) 

The total peak broadening of the diffraction pattern results from two types of broadening: size broadening and strain broadening. 
This can be represented by Equation 4: 

total = size + strain                                                                           5 

Where size represents the size broadening be contingent on 
1

cosθ
  and strain represents strain broadening contingent on tan. The 

equation for broadening on size and strain is represented as follows in equations 6 and 7. 

βsize =
kλ

t.Cosθ
                                                                                                                        6 

βstrain = 4ε. tanθ                                                                           7 

βtotal =
kλ

t.Cosθ
+ 4ε. tanθ                                                                          8 

Equation 8 shows how the intrinsic strain (ε) and crystallite size (t) have both gotten bigger. This equation can be used 
to find lattice deformation stress and uniform strain. The Uniform Deformation Model (UDM), which assumes that the strain is 
the same throughout the crystal, and the Uniform Stress Deformation Model (USDM), which takes into consideration that the 
stress is the same across the crystal lattice, are two more versions of the Williamson-Hall model. 

Uniform Deformation Model (UDM)  
The primary objective of the Uniform Deformation Model (UDM) is to examine the inherent strain induced by crystal 

defects in a nanocrystal. Uniform strain indicates that the crystal is homogeneous across all orientations (hkl). Uniform strain is a 
type of deformation that is consistently distributed throughout the entire crystal or material, with minimal variation across 
regions. In nanocrystals or crystalline materials, uniform strain typically arises from imperfections such as point defects, 
dislocations, or lattice defects. This model provides both the crystallite dimensions and the crystal's inherent strain. Table 2 

presents the crystallite size (t in nm), strain (ε), dislocation density (δ), and specific surface area (in cm²/g) for Bi3+-doped copper 
ferrite with X values of 0.0, 0.2, and 0.4. 
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Parameters Method/Sample X = 0.0 X = 0.2 X = 0.4 

Crystallite size (t) 

SEM 76.14 83.43 85.21 

HR- TEM 71.24 - - 
Scherrer method 69.71 74.17 76.64 

Uniform Deformation Model 
(UDF) 

72.48 75.82 77.03 

Size-Strain Plot (SSP) 73.13 76.94 86.11 
Halder-Wagner Method 69.97 74.01 77.70 

Strain () 

Uniform Deformation Model 
(UDF) 

2.6475x10-3 3.0725x10-3 3.16x10-3 

Size-Strain Plot (SSP) 21.288x10-3 8.68638x10-3 22.0503x10-3 
Halder-Wagner Method 8.695x10-2 3.376x10-2 19.92x10-2 

Dislocation density 
(lines/m-2) 

Williamson and Smallman 2.042x1014 1.825x1014 1.656x1014 

Specific surface area 
(cm2/gm) 

Sauter’s SSA 2.14x1011 2.07x1011 2.57x1011 

 

The strain associated with the crystal can be expressed by equation 9. 

ε =
β

4tanθ
                                                                            9 

β = ε 4tanθ                                                          10 
Equations 9 and 10 give strain and size broadening in the crystal and the total broadening of the crystal is given by 
the Williamson-Hall equation as follows. 

βhkl =
kλ

t.
 

1

Cosθ
+ 4ε tanθ                                                                        11 

Where the total peak broadening at the full width at half maximum (FWHM) of the diffraction pattern can be related to the 
crystallite size and the intrinsic strain in the crystal. 

The broadening of diffraction peaks is caused by two main factors: the crystallite size (t) and intrinsic strain (). The total peak 

broadening (βtotal) is a combination of these two contributions, which can be expressed as: βtotal = βhkl = βsize + βstrain 
Equation 11 can be rearranged in the following way 

βhkl cosθ =
kλ

t 
 + 4ε sinθ                                                                        12 

Equation (12) delineates a linear relationship referred to as the Uniform Deformation Model (UDM), predicated on the 

premise that the crystals exhibit isotropic behavior. The equation above produces the plot in Figure 2(b), with 4sinθ on the X-axis 

and βhklcosθ on the Y-axis for each diffraction peak of CFNs nanoparticles. Utilize the formula t = kλ/ and the graph's intercept 
(C) to determine the dimensions of the crystallite (t). Table 2 indicates that the crystallite size ranges from 72.48 nm to 75.82 nm. 
Figure 2(b) illustrates the intrinsic strain as a linear representation. The observed lattice strain demonstrates that the structure 
expands and contracts because of its diminutive size. This influences the arrangement of atoms with reference to the bulk material. 
This limitation diminishes the strength and perfection of the crystal lattice. The UDM diagram indicates that the lattice strain is 
positive, signifying an expansion of the lattice. The intrinsic strain may range from 2.6475x10^-3 to 3.16x10^-3, contingent upon 

the slope. The crystal lattice expands and alters its configuration upon the incorporation of larger Bi³⁺ ions. This induces tension 

on the lattice. The strain may vary based on the quantity and distribution of Bi³⁺ ions within the material. Incorporating Bi³⁺ into 

the CuFe₂O₄ structure can create vacancies and other structural challenges that maintain charge neutrality. These flaws induce 

deformation in the crystal lattice at certain points, hence influencing the tension within the lattice. The Bi³⁺ ions may exhibit 
uneven distribution inside the lattice. If doping is uneven, it may result in regions of elevated strain. This may result in a variation 
in the average strain value for the entire material. 

The Size-Strain Plot (SSP) examines peak broadening in X-ray diffraction (XRD) data to ascertain crystallite size and 
lattice strain. It exceeds the Williamson-Hall approach by utilizing both Gaussian and Lorentzian functions. The Gaussian 
function signifies strain widening, whereas the Lorentzian function illustrates size broadening. SSP reduces instrument-induced 
mistakes and eradicates substantial inaccuracies linked to Williamson-Hall or Scherrer's methods. Operates efficiently on low-
angle peaks, rendering it appropriate for materials that can endure substantial stress. It facilitates concurrent estimate of size and 
strain with minimized assumptions, which is beneficial for materials displaying intricate widening profiles. SSP is a reliable 
technique for assessing particle size and micro-strain, especially when both elements influence peak broadening in XRD. 
The elaboration of the strain-size methodology can be expressed as follows: 

hkl = L + G                                                          13 

  

Where L is the peak broadening of the Lorentz function and G is the peak broadening of the Gaussian function. 
The Size-strain plot analysis can be performed using the following equation [54, 55] 

 (dhkl βhkl cosθ)2 =
kλ

t 
 (dhkl

2  βhkl cosθ) +
ε2

4
                                                                      14 

Where dhkl is the lattice distance between planes in a tetragonal crystal,  
The formula for the lattice distance dhkl between planes in a tetragonal crystal is: 

dhkl =
1

√h2+k2

a2 +
l2

c2

                                                                         15 

The Miller indices of the crystal plane are h, k, and l. The lattice constant along the x- and y-axes is a, and the lattice 

constant along the z-axis is c. Figure 3 (a) shows the graph of (d_hkl^2 β_hkl cosθ) on the x-axis and (d_(hkl) β_hkl cosθ)^2 on 
the y-axis using equation 14. Use linear regression to get the best line that fits the data: Y = mx + C. The linear fit gives us the 

slope (m) and the intercept (C). To find the crystallite size (t) from the slope (m), use the formula t = kλ/m. To find the micro-

strain (ε) from the intercept (C), use the formula ε = 4C. The straight-line slope for x = 0.0, 0.2, and 0.4 gives crystallite sizes of 
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73.13, 76.94, and 86.11 nm, respectively. The Y-intercept shows the material's intrinsic strain, which is measured for x=0.0, 0.2, 
and 0.4 as 21.288x10-3, 8.68638x10-3, and 22.0503x10-3, respectively. 

 

 

Fig. 3 Crystallite size and Lattice strain by (a) Strain-size method (b) Halder-Wagner Method 

The Halder-Wagner Method  
The Size-Strain Plot (SSP) approach uses a Lorentzian function to show how size causes the XRD peak profile to spread 

out, and a Gaussian function to show how strain causes it to spread out. But the real XRD peak profile doesn't quite follow either 
of these functions. The middle of the XRD peak line up closely with the Gaussian function, but the tailpiece goes down too quickly, 
therefore it doesn't match. The Lorentzian function performs a good job of representing the tails of the profile, but it doesn't do a 
good job of capturing the middle peak region. The Halder-Wagner technique is used, which assumes that peak broadening follows 
a Voigt function that is symmetric. The Voigt function is a mix of the Lorentzian and Gaussian functions. The Halder-Wagner 
approach says that the full width at half maximum (FWHM) of the physical profile can be written as follows: 

βhkl
2  = βL. βhkl  + βG

2                                                                          16 

In this situation, βL is the full width at half maximum (FWHM) of the Lorentzian part, and βG is the full width at half maximum 
(FWHM) of the Gaussian part. One excellent thing about this method is that it lends more weight to peaks in the low- and mid-
angle areas, where diffraction peaks don't mix too much. The Halder-Wagner method reveals how the size of the crystallites and 
the strain on the lattice are connected, as seen in [56, 57]: 

(
βhkl


dhkl
 )

2

=
1

t
 

βhkl


dhkl
 2 + (

ε

2
)

2
                                                                        17 

Where, βhkl
 = βhkl cosθ/ and dhkl

 = 2dhklsinθ/. 
Equation 17 represents a straight line where 1/t represents slope (M) so the crystallite size t is reciprocal of slope (1/M) 

and the y-intercept (C) is (/2)2  so the micro-strain () can be obtained from intercept as 2C. A graph of equation (17), with the 

term  βhkl
 /dhkl

 2
on the X-axis and  (

βhkl


dhkl
 )

2

 on the Y-axis for each peak in the XRD pattern, is illustrated in Fig. 3(b). The slope of 

the resulting straight line corresponds to the average crystallite size, while the intercept represents the intrinsic strain in the Bi3+ 
doped CuFe2O4 nanocrystals. From the plot, the average particle size is calculated to be 69.97 to 77.07 nm, which aligns closely 
with the value obtained using the SSP model as presented in Table 2. The strain calculated from the Halder-Wagner plot varies 
from 8.6948x10-2 to 19.9194x10-2. 

Dislocation density () 
The dislocation density for Bi3+ doped CuFe2O4 nanocrystals was obtained by the formula provided by Williamson and Smallman 
and is expressed as follows [58]: 

𝛿 =
1

𝑡2                                                                          18 

The calculated dislocation density (δ) of Bi3+-doped CuFe2O4 varies from 2.04 × 10^14 to 1.65 × 10^14 lines/m². The variation 
in dislocation density may be attributed to the manufacturing process, doping, or the material's structural configuration. Increased 
Bi3+ incorporation can augment lattice strain and crystallite size, resulting in structural defects and heightened dislocation 
density. The dislocation density decreases as crystallite size increases, hence imposing greater stress on the copper ferrite 
structure. The alteration in dislocation density is likely attributable to a confluence of variations in crystallite size, lattice strain, 
and synthesis conditions influenced by Bi3+ doping. 

Specific surface area  
The specific surface area (SSA) of a material is an essential parameter that defines its chemical reactivity, adsorption 

potential, role in heterogeneous catalysis, and other surface-dependent reactions. Materials with high specific surface area (SSA) 
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values generally exhibit increased reactivity. The computation of Sauter’s specific surface area can be executed utilizing the 
following formula [59]. 

S= 
6 x 103

t x ρ
                                                                                         19 

 To find the surface area of nanoparticles, utilize the Sauter-specific surface area (SSA) formula. In this case, t is the 

average size of the crystallites, and ρ is the bulk density of Bi3+-doped copper ferrite, which is measured in g/cm³. The SSA for 
the produced Bi3+ doped CuFe2O4 nanoparticles was determined to be between 3.43×1011 and 2.57x1011 cm2/g, as shown in 
Table 2.  
We used X-ray diffraction (XRD) peak broadening analysis to look at the size of the particles and the strain that was already in the 
Bi3+ doped copper ferrite nanoparticles. The analysis utilized the Williamson–Hall (W-H) approach, the Size–Strain Plot (SSP), 
and the Halder–Wagner (H-W) method. The Uniform Deformation Model (UDM) was also used. These models looked at physical 
and microstructural factors as strain, stress, and energy density. 

Conclusions 
 The copper ferrite samples were efficiently synthesized by the sol-gel autocombustion method. The pristine copper 
ferrite indicates a single tetragonal phase, while the bismuth-substituted sample shows phase change to an orthorhombic phase. 
The change in structure increases the lattice parameter and crystal size. The TEM image indicates a crystallite size of 69-76 nm 
for the material. The crystallite sizes obtained from the Williamson-Hall, Size-Strain Plot, and Halder-Wagner methods are also 
matched with the TEM analysis. The Halder-Wagner method yielded lower strain readings compared to the other two techniques. 

Bi³⁺ doping significantly enhances the material's structure and morphology, potentially rendering it advantageous for gas-sensing 
applications. The superior lattice properties and dual-phase architecture can alter electrical and catalytic performance, rendering 
these nanoparticles suitable for environmental monitoring and industrial gas-sensing applications. A subsequent study may 

examine the functional properties of these materials to enhance their effectiveness in specific applications. Bi³⁺-doped CuFe₂O₄ is a 
promising multifunctional material for gas-sensing and high-performance energy-storage applications.  
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