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Abstract:

Mathematical analysis plays important role in the formulation, understanding and prediction of'
phenomena in the physical sciences. The universe operates under quantitative laws, in most cases these laws
appear as continuous functions, differential equations, integral equations, or operator equations. This research
paper is an extensive survey of the ways in which mathematical analysis such as real analysts, vector calculus,
ordinary and partial differential equations, functional analysis, spectral theory, variational principles, and
numerical analysis interacts with the major areas of physics. The paper is sprinkled with detailed equations to
demonstrate the involvement of mathematical analysis in physical science. We discuss some of them.
Keywords: Mathematical Analysts; Physical Sciences; Real Analysts; Vector Calculus; Ordinary Differential
Equations (ODEs); Partial Differential Equations (PDEs); Functional Analysis; Fourier Transform;
Laplace Transform; Variational Principles; Spectral Theory; Numerical Analysis; Mathematical Modelling
in Physics
Introduction:

Mathematics is not just a tool that physical sciences use but it is a language through
which the structure of the natural laws is expressed. Mathematical analysis provides rigorous
definitions for limits, continuity, differentiability, integrability, operator behaviour, and solution
spaces. Physical laws generally are represented as: L[u] = f
where f is a differential operator, u is the physical field, and f stands for sources or forcing terms.
Such equations need analytical methods to find out:

- Existence of solutions,

- Uniqueness of solutions,

- Stability under perturbation, Interpretation of the physical world.

This paper presents the account of mathematical analysis and demonstrates how it influences the
physical sciences by means of equations and rigorous reasoning.

Foundations of Mathematical Analysis:

2.1Real Analysis and Physical Quantities:

Limits and Continuity in Physical Systems: A physical function f(t) is continuous at tyif,
{intl f(t) = f(to).Continuity is essential for describing smooth quantities such as displacement
—to

x(t), electric fields E(t), and temperature T (X, t).

2
Differentiation: Rates of change define physical laws: Velocity:v(t) = %, acceleration: a(t) = %
Integration: Accumulation of physical quantities such as Work done: W = f;z F(x) dx , Heat
1

t
Q= JP(m)dr

2.2 Functional Analysis in Physics:

Hilbert Space Formalism: quantum state yi(x) belongs to a Hilbert space H = L2(R).

Inner product: (Y, ) = ffooo P (x)b(x) dx

Eigenvalue Problems: Ay = Eys, where H is a self-adjoint operator (Hamiltonian).
Eigenvalues represent observable energy levels.
Spectral Theorem: For self-adjoint A: A = fa( 2

This underpins the mathematical structure of quantum observables.

Differential Equations in Physical Sciences:

3.1 Ordinary Differential Equations (ODEs): While expressing Physical Laws Mathematically
d?x d?x
TR If F = —kx, then: el ar
w?x = 0, with solution x(t) = A cos(wt) + B sin(wt). Also Maxwell’s equations (time-varying
fields), Langevin equation in statistical physics, Rate equations in nuclear / atomic physics are
expressed with help of ODE and they can be solved easily. Once an ODE is solved with initial

transfer:

A dE,, where E,is a projection-valued measure.

most are formulated as differential laws. Newton’s Second Law: F = m

" . . . daN
conditions, it gives the later state of the system. for example, Radioactive decay: T —AN =
N(t) = Nye~*t. This predicts how many nuclei remain after any time.
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3.2 Partial Differential Equations (PDEs):

9*u

a2

oscillations, and steady-state fields. Also, Laplace transforms simplify the analysis of partial differential equations, especially when
u _ 420

time dependence is involved. Heat equation Pk

.0 . . . .
Heat Equatlon:a—?= aV?u. , Wave Equationi— = c?V?u., Laplace Equation: V2¢) = 0.These equations govern conduction,

reduces to an ODE in x: sU(x,s) —u(x, 0) = a?U" (x,s).This is easier
to solve with boundary conditions.
Integral Transforms:
4.1 Fourier Transform: The Fourier transform converts a time-domain function f(t) into a frequency-domain function F(w):
F(w) = f_wf(t) e~'t dt This means any physical signal such as light, sound, vibration, EM waves can be broken into frequency
components. The Fourier Transform can be used in Vibrations and mechanical oscillations, Electrical signals (AC circuits), Sound
waves and acoustics, Light spectra in optics, Analysis of quantum wavefunctions etc.
4.2 Laplace Transform: LIf(O]=F(s) = fom f(t)e St dt. Where L is Laplace Operator.
4.2.1 Solving Differential Equations in Physical Systems:
Many physical processes Heat transfer, Mechanical vibrations, quantum evolution, and electromagnetic responses—are governed
by linear differential equations. The Laplace transform simplifies such problems by mapping

d"x(t) _ _

= > "X (s) — s x(0) — - — x™=-1)(0)

where initial conditions enter naturally into the algebraic formulation.This direct incorporation of initial conditions makes it
particularly useful in modelling dynamic physical systems. Newtonian mechanics (damped/forced oscillators), Maxwell’s equations
in linear circuits, Heat and wave equations Quantum mechanical propagators are some areas where Laplace transform play
important role.
4.2.2 Mechanical and Oscillatory Systems
Mechanical systems such as damped harmonic oscillators are frequently solved using Laplace transforms. The standard second-

order ODE m¥ + cx + kx = F(t) becomes
F(s) + msx(0) + mx(0) + cx(0)

X = ms2+cs+k
This technique is used in Vibration analysis, Seismology, Mechanical resonance studies, Damped and driven systems.
Variational Principles: The variational principle is fundamentally a mathematical technique. Physics applies it to find the
function, Path or configuration that minimizes or maximizes a certain physical quantity. Mathematics provides the theory, tools,
and reasoning that make variational principles work.
Many physical laws minimize a functional. The variational principle is built on calculus of variations, a branch of mathematics

dealing with functionals. A functional assign a number to a whole function, such as: Jlyl = f; F(x,y,y")dx. Mathematics helps

determine which function y(x) makes the functional minimum, maximum, or stationary. The Mathematical result Euler—Lagrange

. _OF d (OF . . . . L .
equation > m\ay) = 0 comes from pure mathematical reasoning and is the foundation of variational physics.

Discussion:

Mathematical analysis ensures: Detailed formulation of physical laws, Accurate prediction through analytic and
numerical methods, Validation of experimental observations, Development of new physical theories, Modern physics from
cosmology to nanotechnology relies heavily on advanced analysis.

Conclusion:

Mathematical analysis cannot do without when one wants to express, comprehend and resolve physical laws. In fact,
through very elaborate structures like differential equations, variational principles, operator theory, and numerical algorithms,
analysis dominates the whole domain of physical science. When physical systems get complicated, mathematical analysis is going
to be still at the core of theoretical creativity and technological advancement.
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